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Abstract 

The purpose of this paper is to define the representation and the cohomology of Hom-Lie su- 
peralgebras. Moreover we study Central extensions and provide as application the computations 
of the derivations and second cohomology group of g-deformcd Witt superalgebra. 

Introduction 

Horn-Lie algebras and other Horn- algebras structures have been widely investigated these last years. 
They were introduced and studied in [5j [HJ |9l [THl [11] motivated initially by examples of deformed 
Lie algebras coming from twisted discretizations of vector fields. The paradigmatic examples are 
^-deformations of Witt and Virasoro algebras based on cr-derivation [H [12l [5] . Hom-Lie superal- 
gebras were studied in [3] . Cohomology theory of Hom-Lie algebras was studied in [SJ [16j [18] . The 
purpose of this paper is to study representations and cohomology of Hom-Lie superalgebras. As 
application, we provide some calculations for g-deformed Witt superalgebra. 

The paper is organized as follows. In the first section we give the definitions and some key con- 
structions of Hom-Lie superalgebras. Section 2 is dedicated to the representation theory Hom-Lie 
superalgebra including adjoint and coadjoint representation. In Section 3 we construct family of 
cohomologies of Hom-Lie superalgebras. In Section 4, we discuss extensions of Hom-Lie superalge- 
bras and their connection to cohomology. In the last section we compute the derivations and scalar 
second cohomology group of the g-deformed Witt superalgebra. 



1 Hom-Lie superalgebras 

In this section, we review the theory of Hom-Lis superalgebras established in [3] and generalize 
some results of [I]. 

Let Q be a linear superspace over a field K that is a ^-graded linear space with a direct sum 
Q = Qo®Qi. 

The elements of Qj, j € Z2, are said to be homogenous of parity j. The parity of a homogeneous 
element x is denoted by \x\. 

The space End{Q) is Z2 graded with a direct sum End{Q) = (End(Q))o © {End{Q))\ where 
(End{G))j = {/ € End{Q)/ f(Qi) C Gi+j}- The elements of (End(Q))j are said to be homoge- 
nous of parity j. 
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Definition 1.1. A Horn-Lie superalgebra is a triple (Q, [., .], a) consisting of a superspace Q, an 
even bilinear map [., .] : Q x Q Q and an even superspace homomorphism a : Q —> Q satisfying 

[x,y] = -(-l)Nlfl[y,x], (1.1) 
(-1) H|Z| [«W, [y,z]] + (-lpM[a(z), [x,y]] + (-l)\v\\*\[a(y), [z,x]] = (1.2) 

for all homogeneous element x, y, z in Q. 

Let (Q, [-, •],,«) and (£/', [•, •]', a') be two Horn-Lie superalgebras. An even homomorphism 
/ : G — > G' is said to be a morphism of Horn-Lie superalgebras if 

[f(x)J(y)}' = f([x,y}) Vx,yeG (1.3) 
/oq = a'o/. (1.4) 

Remark 1.2. We recover the classical Lie superalgebra when a = id. 
The Horn-Lie algebra are obtained when the part of parity one is trivial. 

Example 1.3. Let G = Go © Gi be a 3- dimensional superspace where Go is generated by e\ and Gi 
is generated by e 2 , e^. The triple (G, [., •],«) is Horn-Lie superalgebra defined by 
[ei,e 2 ] = 2e 2 , [ei,e 3 ] = 2e 3 and [e 2 ,e 3 ] = e\, with a(e{) = ei, a(e 2 ) = e 3 , a(e 3 ) = -e 2 . 

Definition 1.4. Let (G, [., ■],&) be a Horn-Lie superalgebra. A Horn-Lie superalgebra is called 

• multiplicative if Vx,y £ ^ we have a([x,y]) = [a(x),a(y)]; 

• regular if a is an automorphism; 

• involutive if a is an involution, that is a 2 = id. 

The center of the Horn-Lie superalgebra, denoted Z(G), is defined by 

Z(G) = {xeG: [x,y] = 0Vy eG}. 

The following theorem generalizes the twisting principle stated in [31 [23] in the following sense: 
starting from a Horn-Lie superalgebra and an even Lie superalgebras endomorphism, we construct 
a new Horn-Lie superalgebra. 

Theorem 1.5. Let (G, [•, •],&) be a Horn-Lie superalgebra, and (3 : G — > G be an even Lie superal- 
gebra endomorphism. Then (G, [•, -]/3,/3oa), where [x,y]p = f3([x,y]), is a Horn-Lie superalgebra. 

Moreover, suppose that (G' , [•, •]') is a Lie superalgebra and a' : Q' — > G' is a Lie superalgebra 
endomorphism. If f : G — > G' is a Lie superalgebra morphism that satisfies f o /3 = a' o / then 

f:(G,[;-]p,Poa)^(G',[;-}',a') 

is a morphism of Horn-Lie superalgebras. 

Proof. We show that (G, [■, -]p,/3oa) satisfies the graded Hom-Jacobi identity ( |1.2p . Indeed 

Ox, v ,z (-1) NW \poa{x), [y, z]p] a = O x , y , z (-1)I X H*I Poa{x),P([y, z\) 

O x , y , z (-l)WW[a(x),[y,«] 
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The second assertion follows from 
f([x,y]p)=f(\P(x),P{y)]) = [f o (3(x)J o f3(y) 



Example 1.6. We derive the following particular cases: 



a o f(x),a o f(y) = f(x),f(y) 



□ 



1. If (Q, [•, ■], a) is a multiplicative Horn-Lie superalgebra then, for any n G N, (Q, a n o [•, •], a n+1 ) 
is a multiplicative Horn-Lie superalgebra. 

2. If (Q, [•,•]) is a Lie superalgebra and a self-map a on Q is an even Lie superalgebra morphism 
then (Q, [•, •],«) is a multiplicative Horn-Lie superalgebra. 

3. If (Q, [., .], a) be a regular Horn-Lie superalgebra, then (Q, a -1 o [., .]) is a Lie superalgebra. 

In the following we construct Horn-Lie superalgebras involving elements of the centroid of Lie 
super algebras. Let (Q, [.,.]) be a Lie superalgebra. The centroid is defined by 

Cent{G) = {9(£ End(G) : 0{[x, y}) = [9(x),y], Vx, y £ G} = (Cent(g)) (Cent(0))i. 

The Cent{Q) is a subsuperpace of End(G). 

Proposition 1.7. Let (Q, [.,.]) 6e a Lie superalgebra and 6 € (Cent(Q))o C (End(Q))o- Set for 
x,y eG 

{x,y} = 9{[x,y}). 
Then (G, {■},&) is a Horn-Lie superalgebras. 
Proof. For 9 6 (Cent((?))o, we have 

{x,y} = 9([x,y}) = -(-lp\v\e(]y,x]) = -(-l)^[9(y),x] = [x,9(y)}. 

Then {x,y} = [x,9(y)] = = 
Also we have 



{#(*), = = = [%),0(z)]) 

It follows that 



O x , y , z {-l)^{9(x),{y,z}} =O x , y , z (-l)> tf W" fl W'kx),[e(y),e(z)] 



0. 



Since (£7, [., .]) is a Lie superalgebra, then the super Hom-Jacobi identity is satisfied. Thus (Q, {., .}, 9) 
is a Horn-Lie superalgebra. □ 
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2 Derivations of Horn-Lie superalgebras 

We provide in the following a graded version of the study of derivations of Horn-Lie algebras stated 
in [18]. Let (G, [., .],«) be a Horn-Lie superalgebra, denote by a k the fc-times composition of a, i.e. 
a k = a o • • • o a(fe-times). In particular, a~ 1 = 0, a = Id and a 1 = a. 

Definition 2.1. For any k > —1, we call D G (End(G))i where i £ Z2 a a k - derivation of the 
Horn-Lie superalgebra (G, [.,.], a) if a o D = D o a and 

D([x,y]) = [D(x),a k (y)\ + (-1)NI D I [a k (x), D(y)] for all homo geneous elements x,y G Q. 

We denote by Der a k(G) = (Der a k(G))o © (Der a k(G)i the set of a fc -derivations of the Horn-Lie 
superalgebra (£/, [.,.], a), and 

Der(g) = ®*>_ 1 .Der ak (0). 
For any homogeneous element a € G, satisfying a(a) = a, define ac4(a) G End(G) by 

adk{a)(x) = [a,a k (x)], Vx G <y. 
Notice that ad^{a) and a are of the same parity. 

Proposition 2.2. Let (£/,[.,.], a) 6e a multiplicative Rom-Lie superalgebra. Then adk{a) is an 
a k+1 -derivation, which we call inner a k+l -derivation. 

Proof. Indeed we have 

adk(a) o a(x) = [a, a k+l (x)] = [a(a),a k+1 (x)] = a([a, a fc (x)]^ = a o adk(a)(x) 

and 



ad k {a)([x,y\ \ = [a, a k ([x, y])] 
[a{a),[a k {x),a k {y)}} 

-(-l) H|y| [a k+1 (x), [a k (y), a}] + (-1)1*1 [a k+1 (y)), [a, a k (x)} 

(-l)\ a \\y\ f (_i)MW(_i)lvlW [a fe+1 (x)), [a, a k (y)]\ + (-1) MM (-1)1**] I a *( a? )] ) a k+1 (y)) 

[a,a k (x)],a k+1 (y)} + (-l) |x ' l|a| [a fc+1 (x), [a, a fe+1 (y)] 
= [a4(a)(x),a fe+1 (y)] +(-l)NI°l[a fe+1 (x),a4(a)(j/)]. 
Therefore, aci^ is a a fc+1 -derivation. We denote by Inn a k(G) the set of inner a fe -derivations, i.e. 

Inn a k(G) = {[a,a fc_1 (.)]/a G £ U£i, a(a) = a}. 



For any .D G Der{G) and -D' G Der(G), define their commutator [D,D'j as usual: 

[D, D'] = DoD' -{-l)\ D \\ D '\D' oD. 



(2.1) 



□ 
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Lemma 2.3. For any D G (Der a k(G))i and D' G (Der a s(G))j, where k + s > — 1 and (i, j) € Z|, 

[£>,£>'] G (-Der a fc+ S (a))|i?| + |D'|- 

Proof. For any x, y G <5, we have 



j([x,y]) = DoD'([x,i,]) _ (-i)PIP'lD' oD([x,y 

= D([D\x),a s (y)] + (-l)W D '\[a s (x),D'(y)} 

= [DD'(x),a k+s (y)} + (-l)^ D '^[a k D'(x),Da s (y)] 

+(-l)NI^^[Z)^( x ),a^'(y)] + (-l)NI^I[a^( x ), J DZ)'(y)] 

-(-l)l D ll D 'l([Z) / Z)(x),a fc+s (y)] + (-l)l D 'll D WI[a s Z)(x),Z) / a fc (^ 

_(_!) (jL>'a fc (x), a s £>(y)] + (-1)NI D 'I [a k+s (x), D'D(y)}} . 

Since D and D' satisfy D o a = a o D and D'oa = ao -D', we have 



D,D' 



DD'{x) - {-l)M\ D '\D'D(x),a k+s (y) 



[D,D']]]a;] 



It is easy to verify that a o [D, £>'] = [D, D'] o a. Which leads to [D, D'} G Der a k+s(G). □ 

Remark 2.4. Obviously, we have 

Der a -i = {D G £nd(£) : D o a = a o D, D([x, y]) = 0, Vx, y G Q}. 

Thus for any D, D' G Der a -i(G), we have [£>,£>'] G Der a -i(G). 
By Lemma 12.31 obviously we have 

Proposition 2.5. With the above notations, Der(Q) is a Lie superalgebra, in which the bracket is 
given by (|2.ip . 

Proposition 2.6. If we consider on Der{Q) the endomorphism a defined by a(D) = a o D, then 
(Der(G), [., ■],&) is a Horn-Lie superalgebra where [., .] is given by (|2.ip . 

Now, we consider extensions of a Horn-Lie superalgebra (Q, [., -],a) using derivations. For any 
D G (End(Q))i, consider the vector space Go = Go ® M.D, Gi = Gi and G = Go © Gi- Define a 
skew-symmetric bilinear bracket operation [.,.]d on G by 

[g + 1 D,h + \D] D = [g, h] - XD(g) + yD(h),Vg, h£G- 

Define a D G End(G © RD) by a D (g + AL>) = a(y) + XD. 

Proposition 2.7. VKii/i the above notations, (G, [■, .]d,od) is a Horn-Lie superalgebra if and only 
if D is a derivation of the Horn-Lie superalgebra (G, [., •],«). 
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3 Representations and Cohomology of Horn-Lie Superalgebras 

In this section we study representations of Hom-Lie Superalgebras and define a family of cohomolo- 
gies by providing a family of coboundary operator denning cohomology complexes. 

3.1 Representations of Hom-Lie superalgebras 

Let (Q, [., .], a) be a Hom-Lie superalgebra and V = V$ © V± be an arbitrary vector superspace. Let 
P € Ql(V) be an arbitrary even linear self-map on V and 

[.,.}v ■ QxV^V 

(g,v) [g,v] v 

a bilinear map satisfying [Gi, Vj]y C Vi + j where i,j € Z2. 

Definition 3.1. The triple (V, [., \v , (3) is called a Horn-module on the Hom-Lie superalgebra 
G = Go © Gi or ^-Horn-module V if the even bilinear map [.,.]v satisfies 

[a(x),P(v)] v = P{[x,v]v) (3.1) 

and 

[[x,y],p(v)] v = Hx),[y,v}} v -(-l) lxM Hy),[x,v}}v (3-2) 

for all homogeneous elements x,y € G and v G V. 
Hence, we say that (V, [., ]v,P) is a representation of G- 

Example 3.2. Let (G, [-,-], 01) be a Hom-Lie superalgebra and ad : G — > End(G) be an operator 
defined for x € G by ad{x){y) = [x,y]. Then (G,ad,a) is a representation of G ■ 

Example 3.3. Given a representation (V, [., -]y,/3) of a Hom-Lie superalgebra (G, [., •],«)• 
Denote G = G @V and Gk = Gk © Vk- If x £ Gi and v G (z € Z2), we denote \(x,v)\ = \x\. 
Define a super skew- symmetric bracket [., .]g : A 2 (G (B V) ^ G ® V by 

l(x,u),(y,v)]g = ([x,y}, [x,v] v - {-l)W%,u]v)- 
Define a : G ®V -)• Q ®V by 5(x, f ) = (a(x), )). 

T/ien © V, [., .]g, a) is Hom-Lie superalgebra, which we call semi-direct product of the Hom-Lie 
superalgebra (G, [-, •],«) by V. 

Remark 3.4. When f3 is the zero-map, we say that the module V is trivial. 
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3.2 Cohomology of Horn-Lie superalgebras 

Let xi, ■ ■ ■ , Xk be k homogeneous elements of Q, we denote by |(xi, • • • ,Xk) \ = \x\ \ + ■ ■ ■ + \xk\ the 
parity of an element (xi, . . . , x k ) in Q k . 

The set C k (G, V) of fc-cochains on space Q with values in V, is the set of fe-linear maps / : (g> k G — )■ V 
satisfying 

f(xi, . . . ,Xi,x i+1 , ...,x k ) = -(-l) |xi||xi+l| /(a;i, . . .,x i+1 ,Xi, ...,x k ) for 1 < i < k - 1. 
For fc = we have C°(Q, V) = V. 

The map / is called even (resp. odd) when f(x±, . . . , x k ) G Vq (resp. /(xi, . . . , x k ) G Vi) for all 
even (resp odd ) elements (xi, . . . , x k ) G 

A £;-hom-cochain on C/ with values in V is defined to be a /c-cochain / G C k (G, V) such that it is 
compatible with a and /3 in the sense that (3 o f = f o a, i.e. 

f3 o f(x u ...,x k ) = /(a(xi), . . . ,a(x k )). 

Denote C k ^(G, V) the set of /c-hom-cochains: 

C*,p{9,V) = {feC k (G,V):(3of = fo a }. (3.3) 

For a given r, we define a map 5 k : C k (Q, V) — >■ (7 fc+1 (£?, F) by setting 

^(/)(x ,...,x fc ) 

£ (_l)t+l^l(l^ +1 |+-+l- t -il) / ( a ( :ro) , . . . , a ( Xs _ l)5 [Xs) Xt]j Q(Xs+l)) a (x fe )) 



0<s<t<fc 
fc 

s+|x s |(|/|+|x |+-+|x s -i| 



+£(-*) 



s=0 



, . . . , X s , . . . , Xfc 



(3.4) 

v 



where / G C k (Q, V), \ f\ is the parity of /, xo, ■■■■,x k G <7 and Xj means that Xj is omitted. 

In the sequel we assume that the Horn-Lie superalgebra (£?,[., .], a) is multiplicative. 
Lemma 3.5. W^f/i £/te a&cwe notations, for any f G C k JQ, V), we have 

5 k r (f)oa = (3oS k r (f). 

Thus we obtain a well-defined map 

s k r--c k a ,p(g, v)^c k +\g, v). 

Proof. Let / G C k ^{G, V) and (x , • • • , x k ) G G k+l . 



7 



$r(.f) ° a(x , ...,x k ) 
= S k (f)(a(x ),...,a(x k )) 

0<s<t<k 
k 



+ y^^_iy + \xs\(\f\ + \x \+-" + \xs-l\) 

0<s<t<fc 
k 

+ y^_ 1 )s+ksi(i/i+i* |+--+|s 3 _ 1 |) 



a fc+r (:r s ), /(a(a; ), • • • • • • , afck)) 

s+ il+-+kt-il)^ o a ^ Q ( a ; ) ! . . . , a (a; s _i), [cc s , x t ], a(i s+1 ), . . . ,x t , . . . ,a(a; fe )) 

a fc+r (:r s ),/ o a(x , . . . ,x2, . . . , x k ^j 

s=U L 

£ (-l) t+l ^ l(l/l+l ^+ ll+ - +l ^- ll) /3 o f(a(x ), a(a; s _i), [*., x t ], a(x s+1 ), . . . , ft, . . . , a(a*)) 



0<s<t<fe 



_|_y^_ 1 )s+|aa|(|/| + |=co|+-+|=c.-l|) 

_ ^2 (_i)*+l ar *KI/l 



0<s<t<fe 
k 



+ y^^_ 1 y+\xs\(\f\+\xo\+-- 

= ^oif(fc)(l ,...,I k ), 

which completes the proof. 



a t+r (i s ),(?o/^ , ■ - - ,a; s , . . . ,Xkj 
«. + il+-+l-t-il) jS o /(a(s ), • • • , a(x s -i), [z 3 , x t ], a(avn) . . . , f t , . . . , a(x k )) 



□ 



Theorem 3.6. Let Let (Q, [., .],a) 6e a multiplicative Horn-Lie superalgebra and (V, [., -]y,/3) &e a 
Q -Horn-module. 

For a given integer r > 1, i/ie pair (0j >o C^(5, ^)> {^r }fc>o) defines a cohomology complex, 
that is 5h o S^ 1 = 0. 



Proof. For any / € C* p (Q, V) we have 
8$o8*-\f){x ,...,x k ) 

= (/)(<*(x ), . . . , a(x a _i), [x s , x t ], a(x s+1 ), . . . , x t , . . . , a{x k )) (3.5) 



s<t 

k 



+ £(-i)'+l*.l(l/M*o|+-»+l*.-il) afc+r-i^), S^\f)(x , ...,x s ,...,x k ) 



s=0 



V 



(3.6) 
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From (13.51) we have 



S k *(/) (a(xo), a(x a -i), [x a ,x t ],a(x a+1 ), ...,x t ,... ,a(x k )) 



s'<t'<s 
2 



0<s'<s 

M-|[*a,*a]l(m + kol + -+|s s -ll) 



k + r- 



+ (-l) S 



H^sOi/fo^o) • • ■ ,x a i, ■ ■ ■ , [x s ,x t ], ...,x t ,... ,a(xk)j 
a k+, ~ 2 ([x s ,x t ]),f(^a(x ) . . . ,[x s , x t ],a(x s+1 ), . . . , x t , . . . , a(x k )\ 



E (-l)*' +i '^ tt '^ + "- + ^- in f(a\x a ), ^(av-x), [a(x s ,), a{x t ,)],a\x s , +1 ), ...,£p, 

(x„-i), a([x s , x t ]), a 2 (x s+1 ), . . . ,x t , . . . , a 2 (x k )^j + (3.7) 
^(_l)»+l«.l(l«.'+ 1 l+-+l*.-il)/(a a («o),..-,a a (arv-i), [*., a*]] , a 2 (^ +1 ), . . . , ■ . . , a 2 (^jj^.8) 

+ E (-l) t ' +l '" l(|, «'+> l+ "' +l[ '" ,II+ "' +l *''-' l) /(o , N a , ^-i),KiW.<«(ii')].a 8 (^+i) 1 

s'<s<t'<t 

a([x s , x t ]), , a 2 (a;fe)) (3.9) 

s'<S<*<*' 

[a(av), a(x t /)], a 2 (av +1 ), a([x 3 ,a;t]), ... ,£ t , , a 2 (:r fc )) (3.10) 

+ E (-l)*' +l " 1/|(l "* +ll+ "" +l ""- ll} /(o a (a!o),..., [[x s ,xtla(xt0],a\x s+1 ),...,x^,,...,a 2 (x k )) (3.11) 

s<t'<t 

+ E (-l/" 1+l ^ l(k ' +ll+ "" +|S * i+ "" +k *'- ll) /(o a (a:o),...,a a (a ; .-i), [[x s ,x t ],a(x t ,)],a 2 (x s+1 ), 

s<t<t' 

...,x^r,,...,a 2 (x k )^ 

+ E (-l) t ' +l ^' l(|3;3 ' +ll+ '- +|a;t '- ll) /(« 2 ^o),...,« 2 ( ; r s -i),a([x 3 ,x t ]), 
. . . , [a(x s /),Q(a; t /)], . . . , xp, . . . , x t , . ■ .,a 2 (x k )^j 

s<s' <t<t' 

[a(x s ,),a(x t ,)] ...,xi,.. . ,^,a 2 (x k )^ 

t<s' <t' 

. . . ,x t . . . , [a(x s i), a(x t >)], a 2 (x k )^j 
+ (_ 1 y'+\x,>\<.\f\+\xo\+-+\v a /-i\) 



(3.12) 



(3.13) 



(3.14) 



(3.15) 
(3.16) 



(3.17) 



+ E (-D 

s<s' <t 



* / +K/|(l/l+|zol+---+|[s s ^t]|+---+| : c s /_ 1 l) 



. .., [x s ,xt], . . . ,av it , . . . ,a(a5fe)j 



(3.18) 



+E(-!) 

t<s' 



s'+b„/|(l/l+|a:ol+-+l^3,!ct]l+-+ktl+--,|!C»/_ 1 l) 



fc+r-1. 



(» s /),/(a(x ) ■ • ■ , [» s ,a: t ], . . .,x t y,. . .,a(x k )(\ 



19) 

v 
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The identity (|3.6p implies that 



a k+r -\x a ),8 k - 1 (f)(x ,..., £.,..., x k ) 



v 



a k+r ~ l (x s ), 



£ (-l)*'+lvl(l^ + il+-+Nt'- 1 |) / ^( a;o ) ) . . ., a (^-l), [x s ,,x t ,],a(x s , +1 ), 
s'<t'<s 

. . . ,x^T s ,a(x s+1 ), . . . ,a(x k )j (3.20) 

J v 

k+r -\x s ), £ (-l)*'- 1+ l^l(l^ +1 l + - + ^ + - + l^-^/(«(^o), • • • ,a(av-i), [x sl ,x t ,],a(x s , +1 ), 



s'<s<f 



,x t)S >,. ■ .,a(x k )j 



(3.21) 



V 



+ 



a 



k+r-1, 



(x s ), (-l)'' + I^K^' + il+-+-+K'-il)/(a(x ), . . . , x„ . . . , a(^_i), [x s , ,x t ,],a(x s , +1 ), 



s<s'<t' 



...,x t ',.. .,a(x k ^j 

s-l 

\x s ), £(-l)*'+M(M+l*o|+---+|av-il) a k+r - 2 (s'),f(x , ...,££.,..., x k 



+ 



+ 



k+r- 



(3.22) 
(3.23) 



s'=0 
fc 



fc+r-1 



(s s ), ^2 (-i) a ' _i+|a! « /|(|/|+|a!o|+ "" + ' |a!8| '- ,+|a; »'- i|) 

s'=s+l 



a k+r 2 ( s ')j{ XQj _^ Xs ,^._ }Xk \ 



V 



V 

(3.24) 



Super-Hom-Jacobi identity leads to 

V(_l)t4-[»t|([x.+i|+-+|«t-i|)^|[g^j| + ([XTT]) + (I3TT2]) ) = 0. 



Using (13. 2D and (I3.3p . we obtain 



2 ([:r s ,a; t ]); / (a(a;o), • • • , a(a; s _i), a([a; s ,x t ],a(a; s+ i), . . . ,x t , .. ., a(x k )^ 



fc + r- 



1 (s s ), [a fc+r 2 (a;t), f(x , ■ ■ ■ ,x s ,t, ■ ■ ■ > x k)] v ~ ot k+r 1 (xt), \a k+r 2 {x s ), f(x , ■ ■ ■ , x7~t, . . . , ^(3.25) 



Thus 

EH - 



fc fc 



) (E23I + ^(-i) s 
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By a simple calculation we get 

k 



V(_l)*+|st|(|s,+i|+-+|g t -i|) ( |s^ + Vf_ 1 ^+l^l(l/l+Nol+-+l^-il) ( |^22l) = 0, 



s<t s=0 



k 



y^(_l) f +l :E *l(l :E s+il+---+l 3: *-il) (j3,i8j) _|_ y^^_iy+\ x ^\(\f\+\ x o\+---+\ x s-i\) ^2T\i = 0, 



s<t s=0 



s<t s=0 



and 



V(_1)«+I»«I(I*h-iI+-+I*«-iI)^ ([5^)| + (^Til) ) 

_ y^^_^t+|a;t|(|x J , + i|+-+|a!t_i|) ^_-^^' + |a; t ,|(|x s , +1 |+---+|[x s ,x t ]|+---+|a; t ,_ 1 |) 

s<i s'<s<i'<t 

/(a 2 (so), • • • ,a 2 (av-i), [a(x s /),a(x t /)],a 2 (x s /+i),. . . , a([x s , x t ]), . . . ,x$,. . .,a 2 (x k )^j 

_i_ y^^_^^+i^i(N3+ii+-+|zt-ii) (•_x)*'- 1 +i :r 'i'i(i a: s '+ii+---+ £ t+---+i a; t'-ii) 

s<t s<s'<t<t' 

/(a 2 (x ), . . . ,a 2 (x s _ 1 ),a([x s ,x t }),a 2 (x s+ i), . . . ,x^t', [a(x a >),a(xf)] ■ ■ ■ , a 2 (x fc ))- 



= 0. 

Similarly V(-l)«+l**l(l«*+il+-+l»t-i|)^ ( [g77| l + ^J^ \ = an d 



s<t 



^(_l)*+l*tl(l*.+i|+-+l**-i|)^^P + = o 



s<t 



Therefore (5* o 8^~ l = 0. □ 

The previous Theorem shows that we may have infinitely many cohomology complexes. 
The corresponding cocycles, coboundaries and cohomology groups are defined as follows. 

Definition 3.7. Let (Q, [.,.], a) be a Horn-Lie superalgebra and (V, [., .]y, 0) be a Horn-module. 
We have with respect the r-cohomology defined by the coboundary operators 

# : c^(g, v) -> c*^, n 

• The /c-cocycles space is defined as Z*t(G,V) = ker <5*. The even (resp. odd) /c-cocycles 
space is defined as Z* (g,V) = Z*(Q,V) n (C*^, F)) (resp. Z^(G,V) = Z^(Q,V) n 



The /c-coboundaries space is defined as B^{Q, V) = Im 5*: 1 . The even (resp. odd) k- 

~<k i 



coboundaries space is B* (G, V) = B*{Q, V) n (C*(G, V)) (resp. B^(G, V) = B*(Q, V) n 
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• The k th cohomology space is the quotient H^(G, V) = Z^(Q, V)/B^(G, V). It decomposes as 
well as even and odd k cohomology spaces. 

Finally, we denote by H k r (g,V) = H* {g,V) © H^(g,V) the k th r-cohomolo gy space and by 
@k>oH k (Q, V) the r-cohomology group of the Horn-Lie superalgebra Q with values in V. 

Remark 3.8. The Z^{Q,Q) is the set of a r -derivation of Q. 

Example 3.9. In this example we compute the second scalar cohomology group of the Horn-Lie 
superalgebra osp(l,2)\ constructed in f^. 

Let osp(l,2) = A © A\ be the vector superspace where Vq is generated by 





( 


1 





\ 




( 












( 










H = 




































i) 




{ 








- 1 ) 




{ 












\ 


1 








and V\ is generated by: 





( 








o\ 




( 




F = 




1 








,G = 





'""-') 




\ 





1 








J 



Let A £ R*, we consider the linear map a\ : osp(l,2) — > osp(l,2) defined by: 

1 „ ,„s 1 



a A (X) = X 2 X, a x (Y) = j^Y, a x (H) = H, a x (F) = j-F, a x (G) = AG. 
We define a superalgebra bracket [., .}\ with respect to the basis, for A ^ 0, by: 



[H,X] X = 2X 2 X, [H,Y\; 



-$Y, [X, Y] x = H, [Y, G]\ = {F, [X, F] x = AG, [H, F] 



[H, G]\ = AG, [G, F] x = H, [G, X] = 0, [Y, F] = 0, [G, G] A = -2A 2 X, [F, F] A = £ y. 
Then, we have osp(l,2)x = (osp(l,2), [., .]a,«a) «s a Horn-Lie superalgebra. 

Let f E G^ /(J (osp(l, 2), C). T/ie scalar 2-coboundary is defined according to (|3.4p 6?y 

5 2 (/)(x ,*i,x 2 ) = -/([a; ,x 1 ],a(x 2 )) + (-l)^l^l/([xo, a ; 2 ],a(x 1 )) + /(a(x ),[x 1 ,x 2 ]). (3.26) 

iVou;, uie suppose that f is a 2-cocycle of osp(l,2)x- Then f satisfies 

- f([x ,x 1 },a(x 2 )) + {-l)\ x ^\f([x ,x 2 },a(x 1 )) + /(a(x ), [x 1 ,x 2 ]) = 0. (3.27) 

By plugging the following triples 

(H,X,F), (H,X,Y), (H,X,G), (H, Y, G), (X,Y,F), (X,F,G)),(Y,F,G), 
(H,Y,F), (X,Y,G), (H, F, G) , (H,F,F), (H, G, G), (X,G,G) 

respectively in (I3.27P we obtain 

f(H,G) = f(X,F), f(G,X) = 0, f(H,F) = f(G,Y), f(G,G) = f(X,H), 
f(F, F) = f{Y, H) f(F, Y) = 0, /(X, Y) = f(G, F). 
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So, if we consider the map g : osp(l, 2) — > R defined by 



g(X) = ^f(H,X), g(Y) = -%f(H,X), g(F) = -Xf(H,F), 
g(G) = \f(H,G), g(H) = f(X,Y), 

we obtain 

f( ai H + a 2 X + a 3 Y + a 4 F + a 5 G, hH + b 2 X + b 3 Y + 64F + b 5 G) 

= 5(g)( ai H + a 2 X + a 3 Y + a 4 F + a 5 G, hH + fr 2 ^ + b 3 Y + 64^ + 65G) 

Therefore H 2 (osp(l,2) x ,C) = {0}. 

Notice that this result is the same for any r ^ 1. 



4 Extensions of Horn-Lie superalgebras 

The extension theory of Horn-Lie algebras algebras was stated first in[SJ[B]- 

An extension of a Horn-Lie superalgebra (G, [.,.], a) by Horn-module (V, ay) is an exact sequence 

— ► (V,a v ) A (g,a) (g,a) ^0 

satisfying a o i = i o ay and a o ir = ir o a. 

We say that the extension is central if [G, i(V)]g = 0. 

Two extensions 

— ► (V, a v ) ^ (G k ,a k ) ^ (G, a) — ► (k = 1, 2) 
are equivalent if there is an isomorpism ip : (Gi, ot\) — > (G2, 012) such that tpo i\ = i% and 7r 2 o tp = ttj. 



4.1 Trivial representation of Horn-Lie superalgebras 

Let V = C (or K) and [.,.]y = 0. Obviously, V/3 G End(C), (Q,[., .]y, (3) is a representation of 
the Horn-Lie superalgebra (Q, [.,.], a). This representation is called trivial representation of the 
Horn-Lie superalgebra (G, [-, -],a0- 

In the following we consider central extensions of a Horn-Lie superalgebra (G, [.,.], a). We will see 
that it is controlled by the second cohomologie H 2 (G, V). Let 9 £ C„(<7, V), we consider the direct 
sum G = Go © Gi where Go = Go © C and Gi = Gi with the following bracket 



x > s )> (y> = (fo y]> 2/)) Vx,y eG s,t eC. 



Define a : £/ — > (7 by a(x, s) = (a(x), s), 

Theorem 4.1. T/ie irzp/e [., .]$, a) is a Horn-Lie superalgebra if and only if 6 is a 2-cocycle (i.e. 
5 2 (6) = 0). 

We call the Horn-Lie superalgebra (Q, [., -]g,a) the central extension of (G, [., ■],&) by C. 

Proof, a is a morphism with respect to the bracket [., .]g follows from the fact that 9 o a = 9. More 
precisely, we have 

a[{x,s),(y,t)]g = (a[x,y],9(x,y)). 
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On the other hand, we have 

[a(x, s), a(y, t)] e = [(a(x), s), (a(y),t)] e = ([a(x),a(y)],6(a(x), ct(y))). 

Since a is a morphism and 6(a(x),a(y)) = 6(x,y), we deduce that 5 is a morphism. 
By direct computations, we have 

{x , s) , {y , t) , {z , m) (-1)1(^)11(^)1 [a(x, s), [(y, t), (z, m)] e 
= {x>sUyttUz!m) (-l)W^ a), ([y, z],9(y, z)) 

= o x ,y,A-^ xM {H^,[y,z]],e( a (x),[y, z ])) 

= O x , y , z (-l)l-H-l (0, e(a(x),9(a(x), [y, z])) . 

Thus, by Hom-Jacobi identity of Q, the bracket [., .]$ satisfies the Hom-Jacobi identity if and only 
if 

O x , y , z (-l)^Ma(x),[y,z})=0- 

That means that 5 2 6 = 0. 

□ 

Finally, remember that i (resp. it) is an even morphism of Horn-Lie superalgebra injective (resp. 
surjective). 

4.2 Cohomology space H 2 (Q,V) and Central extensions 

Proposition 4.2. Let (Q, [.,.], a) be a multiplicative Horn-Lie superalgebra and V be a Q-Hom- 
module. The second cohomology space H 2 (Q,V) = Z 2 (Q,V)/B 2 (Q,V) is in one-to-one correspon- 
dence with the set of the equivalence classes of central extensions of(Q,a) by (V, f3). 

Proof. Let 

— ► (V,0) A (G,a) (g,a) — »• 0, 

be a central extension of Horn-Lie superalgebra (Q,a) by (V, ay), so there is a space H such that 
g = H®i{V). 

The map tt/ h : H —> g (resp k : V — > i{V)) defined by tt/h(%) = n(x) (resp. k(v) = i(v))is 
bijective, its inverse s (resp. I) note. Considering the map (p : g x V — >■ g defined by (f(x, v) = 
s(x) + i(v), it is easy to verify that p is a bijective. 

Since ir is homomorphism of Hom-Lie superalgebras then ir([s(x), s{y)]g — s([x, y])^ = 
so [s(x),s{y)]g - s([x,y] ei{V). 

We set [s(x),s(y)] — s([x,y]) = G(x,y) G i(V) then F(x,y) = I o G(x,y) G V, it easy to see that 
F(x,x) = then F G C 2 (g, V) is a 2-cochain that defines a bracket on g. In fact, we can identify 
as a superspace L xV and g by ip : (x, f ) — >■ s(x) + where the bracket is 

[s(x) + i(v), s(y) + = [s(x), s(y)] d = s([x, y]) + F(x, y). 
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(x,v), (y,w) = (\x,y],F(x,y)j and the homogeneous 



Viewed as elements of Q x V we have 

elements (x,v) of Q x V are such that \x\ = \v\ and we have in this case \(x, v)\ = \x\. 
We deduce that for every central extension 

— > (V,(3) A (g,5) a) — ► 0. 

One may associate a two cocycle F € ^ 2 ((?, V). Indeed, for x,y e Q, if we set 

F(x,y) = l([s{x),s(y)} - s{[x,y]^j € V, 

then, we have F(x, y) G F and F satisfies the 2-cocycle conditions. 

Conversely, for each / G Z 2 (Q,V), one can define a central extension 

— ► (V,0) — ► — > ^, a) — ► 0, 

by 

[(x, v), (y, w)]f = ([x, y],f(x, y)), 

where x, y G Q and v, w G V. 

Let / and g be two elements of Z 2 (G,V) such that / — g G B 2 (^,y) i.e. (/ - g){x,y) = h([x,y]), 
where /i : — > V is a linear map satisfying h o a = (3 o h. Now we prove that the extensions defined 
by / and g are equivalent. Let us define $ : Qf — >• Q g by 

= (x, v - h(x)). 

It is clear that <3? is bijective. Let us check that <3? is a homomorphism of Horn-Lie superalgebras. 
We have 

[&((x,v)),$(((y,w))]g = [(x,v-h(x)),(y,w-h(y))] g 

= ([x,y],g(x,y)) 
= ([x,y],f(x,y)-h([x,y])) 

= ®{[{x,v),(y,w)] f ) 

and 

& oa((x,v)) = $(a(x),/3(v)) 

= (a(x),P(v) — h(a(x))) 
= (a{x),p{v) -0oh(x)) 
= (a(x),p(v-h(x))) 
= a o v). 

Next, we show that for /, g G ^ 2 ((?, V) such that the central extensions 

-> (V,/S) -> (£/,5) -> (£, a) ->■ 0, and ->■ (V,/3) ->• (£ s ,5) ->■ (£7, a) -> are equivalent, we 
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have / — g 6 B 2 (Q, V). Let $ be a homomorphism of Horn-Lie superalgebras such that 



idg 



>(y,P)-^(g g ,a)^+@,a) -0 

commutes. We can express &(x,v) = (x,v — h(x)) for some linear map h : Q — > V. Then we have 

m(x,v),(y,w)] f ) = <f>(([x,y],f{x,y))) 

= {[x,y],f{x,y)-h{[x,y])), 



m(x,v)),$((y,w))] g = 
and thus (/ — g)(x, y) = h([x, y]) (i.e. / — g G B 2 (G, V)), so we have completed the proof. 



[(x,v- h{x)), (y,w - h(y))] g 
([x,y],g(x,y)), 



4.3 The adjoint representation of Horn-Lie superalgebras 



□ 



In this section we generalize some results of [18J. 

Let ((/, [.,.], a) be a multiplicative Horn-Lie superalgebra. We consider Q as a representation on 
itself via the bracket and with respect to the morphism a . 

Definition 4.3. The a s -adjoint representation of the Horn-Lie superalgebra (Q, [., .],a), which we 
denote by ad s , is defined by 

ad s (a)(x) = [a s (a),x], V a, x £ Q. 

Lemma 4.4. With the above notations, we have a (Q,ad s (•)(•), a) is a representation of the Horn- 
Lie superalgebra Q. 



Proof. The result follows from 



ad s (a(a))(a(x)) = [a s+1 (a) , a(x)] 
= a([a s (a),x]) 
= aoad s (a)(x), 



and 



ad s ([x,y])(a(z)) = [a s ([x, y]), a(z)] 

= [[a s {x),a s (y)],a(z)] 

= -(-l)\^y]\[ a ( z ),[a s (x),a s (y)}} 

= (-l)\*M(-l)\*\\*\[a s +\x),{a s ^ 

= [a s+1 (x),[a s (y),z}\ - (-l)^[a s+1 (y),[a s (x),z]}. 

□ 
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The set of /c-hom-cochains on Q with coefficients in Q, which we denote by C^(Q; Q), is given by 

c*(g-,g) = {f ec k (g-g): f oa = aof}. 

In particular, the set of O-Hom-cochains is given by: 

c° a (g-,g) = {xeg: a(x) = x}. 

Proposition 4.5. With respect to the a s -adjoint representation ad s , of the Horn-Lie superalge- 
bra (G, [.,.}, a), D G C* 

ad s ^ S a ^ 'Cocycle if and only if D is an ct s ^~ -derivation of the Horn-Lie 
superalgebra (Q, [.,.], a), i.e. D £ Der a s+i(g). 

Proof. The conclusion follows directly from the definition of the coboundary operator 5. D is closed 
if and only if 

S(D)(x,y) = -D([x,y}) + (-l)^ D \[a s+l (x), D(y)} + (-l) 1+ ^ D ^[a s + l (y), D(x)} = 0, 

so 

D([x,y}) = [D(x),a s+1 (y)} + (-l)NPI [a s+1 (x), D(y)}, 
wich implies that D is an a s+1 -derivation. □ 

4.3.1 The a ^-adjoint representation ad-\ 

Proposition 4.6. With respect to the a" 1 -adjoint representation ad-i, we have 

H°(g,g) = c° a (g ; g) = {xeg: a(x) = x}-, 

H l (g,g) = Der a o(g). 

Proof. For any O-hom-cochain x G C°(£7;<7), we have 5(x)(y) = (— l)l y " x '[a _1 (y),x] =0, Vy G g. 
Therefore, any O-hom-cochain is closed. Thus, we have H°(g, g) = C^{G\ Q) = {x € g : a(x) = x}. 
Since there is no exact 1-hom-cochain, by Proposition 14.51 we have .ff 1 (£?,(/) = Der a o(g). □ 

Let lo G Ca(G)Q) be an even super-skew-symmetric bilinear operator commuting with a. Con- 
sidering a i-parametrized family of bilinear operations 

[x,y] t = [x,y] +tu(x,y). 

Since u commutes with a, a is a morphism with respect to the brackets [., .]< for every t. If 
(£/[[£]], [.j -]t, a) is a Horn-Lie superalgebra, we say that u: generates a deformation of the Horn-Lie 
superalgebra (g, [., .], a). The super Hom-Jacobi identity of [., .]t ,, is equivalent to 

w (-l) N|2| fu;(a(x),[y,z]) + [a( a ;),[y,z]]^ = 0, (4.1) 

Ox, y ,z(-iy xM u(a{x)Mv>*)) = °- ( 4 - 2 ) 

Obviously, (|4.ip means that u is even 2-cycle with respect to the a _1 -adjoint representation ad-\. 
Furthermore, (j4.2j) means that u) must itself defines a Horn-Lie superalgebra structure on g. 
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4.3.2 The a -adjoint representation ado 

Proposition 4.7. With respect to the a -adjoint representation ado, we have 

H (G; Q) = {x G g : a(x) = x, [x, y] = 0, Vy G Q}, 
H l {g-g)=Der a {g) : Inn a (g). 
Proof. For any 0-hom-cochain we have dox(y) = [aP(y),x] = [x,y\. 

Therefore, the set of 0-cycles Z°(G, G) is given by Z°(g, Q) = {x G C°(g, Q) : [x, y] = 0, Vy G Q}. 
Since B°{g,g) = {0}, we deduce that H°{g;g) = {x G Q : a(x) = x, [x,y] = 0,Vy G (?}. 
For any / G C„ we have 

*(/)(*,y) = -/(foy]) + (-i^ 

so, 

<H/)(x,y) = -/([*, y]) + [/(x),a(y)] + (-1)^1/1 [ a (x), /(y)]. 

Therefore, The set of 1-cocycle Z°(g,g) is exactly the set of a-derivation Der a . 

Furthermore, it is obvious that any exact 1-coboundary is of the form of [x, .] for some x G C°(£7; g). 

Therfore, we have B 1 (g,g) = Inn a (Q). Wich implies that H X (Q\ Q) = Der a (g) / Inn a {g). □ 

4.3.3 The coadjoint representation ad* 

Let (g, [., .], a) be a Horn-Lie superalgebra and (g, [., .]y , /3) b a representation of £/. Let V* be the 
dual vector space of V. We define an even bilinear map [., .]y* : £7 X V* — >• V* by 

[x,/]y.(tO = -/(My), Vx G / G V*, and v G V. 

Let / G V*, x, y G £ and w G V. We compute the right hand side of the identity (|4.2p 

[a(x), [y, /]y*]y, («) - (_1)HI«I [a(y), [x, «]y.]y. = -[y, f\ v .([a(x), v] m ) + (-1)™ [x, /]y* ([a(y), v 

= f([y,[a(x)Mv]v) - (-i)\ xM f{[xM{y)Mv]v) 

On the other hand, we set that the twisted map for [., .]y» is (5* =* f3, then the left hand side of 
the identity (|4,2|) writes 

[[x,v],F(f)]v*(v) = -/3*(f)([[x,y],v] v ) = - t p(f)(ifoy}Mv) = -/ o P([[x,y],v] v ). 
Therefore, we have the following proposition: 

Proposition 4.8. Let (g, [.,.], a) be a Horn-Lie superalgebra and (g, [.,.]y,/3) be a representation 
ofg. The triple (V*,[.,.] V ;P*), where [x,f] v *(v) = -f{[x,v] v ), Vx G g, f G V*, v G V defines 
a representation of the Horn-Lie superalgebra g, [.,.], a if only and only if 

[[x,y],P(v)] v = (-l) |x ' lls/| [x, [a(y),v] v ]v ~ [y, [a(x),v] v ] v . 

We obtain, the following characterization in the case of adjoint representation. 

Corollary 4.9. Let (g, [.,.], a) be a Horn-Lie superalgebra and (g,ad,a) be the adjoint represen- 
tation of g, where ad : g — >■ End(g). We set ad* : g — > End(g*) and ad*(x)(f) = —f o ad(x). 
Then (g* ,ad* ,a*) is a representation ofg if and only if 

[[x, y],a(z)] = (-lp\y\ [ x , [a(y),z]} - [y, [a(x),z\], Vx, y, z G Q. 
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5 Cohomology of the g-Witt superalgebra 

In the following, we describe (/-Witt Horn-Lie superalgebra obtained in [3] and we compute its 
derivations and second cohomology group. 

Let A = Ao®Ai be an associative superalgebra. We assume that A is super-commutative, that 
is for homogeneous elements a, b the identity ab = (— l)' a " b 'c>a holds. For example, *4o = C[t,f _1 ] 
and Ai = 8Ao where 9 is the Grassman variable (9 2 = 0). Let q E C\{0, 1} and n G N, we set 
{ n } = l \- q ' a ^-number. Let a be the algebra endomorphism on A defined by 

a(t n ) = q n t n and a(9) = qd. 
Let dt and dg be two linear maps on A defined by 

d t (t n ) = {n}t n , d t (9t n ) = {n}9t n , 
d 8 (t n ) = 0, d e (9t n ) = q n t n . 
Definition 5.1. Let i S Z2. A cr-derivation D{ on A is an endomorphism satisfying: 

Di{ab) = Di(a)b + (-l) i|a| cr(a)A0) 
where a, b G A are homogeneous element and \a\ is the parity of a. 

A cr-derivation Dq is called even cr-derivation and D\ is called odd cr-derivation. The set of all cr- 
derivations is denoted by Der a (A). Therefore, Der a (A) = Der CT (A)o® Der a (A)i, where Der a (A)o 
(resp Der a (A)i) is the space of even (resp. odd) cr-derivations. 

Lemma 5.2. The linear map A = dt + 9dg on A is an even a -derivation. 
Hence, 

A(t n ) = {n}t n , 
A(9t n ) = {n + l}8t n . 

Let W q = A.A, be a superspace generated by the elements L n = t n .A of parity and the 
elements G n = 9t n .A of parity 1. 

Let [— , — ]cr be a bracket on the superspace W q defined by 

[L n ,L m ] a = ({m} - {n})L n+m , (5.1) 

[L n ,G m ] a = ({m + l}-{n})G n+m . (5.2) 

The others brackets are obtained by supersymmetry or are 0. 
It is easy to see that W q is a Z— graded algebra: 

W = e„ GZ w«, 

where 

W q = span c {L n , G n }. 
Let a be an even linear map on W 9 defined on the generators by 

a(L n ) = (1 + q n )L n , 
a(G n ) = (1 + q n+1 )G n . 
Proposition 5.3 ([3j). The triple (W 9 , [— , — ] a , a) is a Horn-Lie superalgebra. 
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5.1 Derivations of the Horn-Lie superalgebra W q 

A homogeneous a fc -derivation is said of degree s if there exists s G Z such that for all n G Z we have 
L>(< L n >) C< L n+S >. The corresponding subspace of homogeneous a fc -derivations of degree s 
is denoted by Der s ak . (i E Z 2 ). 

It easy to check that Der ak (W q ) = ® s& {Der s afl (W q ) © Der s al (W q )) . 
Let D be a homogeneous a fc -derivation 

D([x,y]) = [D(x),a k (y)} + (-l)! 33 !!- ! [a k (x), D{y)) for all homogeneous x, y € W 9 . 

We deduce that 

({ m } _ {n})D(L„ +m ) = (1 + q m ) k [D(L n ), L m ] + (1 + (f ) fc [L„, D(L m )} (5.3) 

and 

({ m + 1} _ { n })D{G n+m ) = (1 + g m+1 ) fc [ J D(L„), G m ] + (1 + g n ) fc [L n , -D(L m )] Vn, m G Z. 

(5.4) 

5.1.1 The a°-derivation of the Horn-Lie superalgebra W 3 
Proposition 5.4. T/ie set of a -derivations of the Horn-Lie superalgebra W q is 

Der a o(W q ) =< D 1 > © < D 2 > 

where D\ and D 2 are defined, with respect to the basis as 

Di{L n ) = nL n , Di(G n ) = G n , 
D 2 (L n ) = nG n -x, D 2 (G n ) = L n _i. 

Proof. We consider The two cases \D\ = and \D\ = 1. Case 1: \D\ = 

Let D ba an even derivation of degree s, D(L n ) = a Stn L s+n and D{G n ) = b Stn G s + n , by (15. 3D we 
have 

({m} - {n})a s>n+m = ({m} - {n + s})a s , n + ({m + s} - {n})a s . m . 
We deduce that 

(9 

If m = 0, we have, 



If s 7^ we have 
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> s>n+m = (<f - q m )a s ,n + (g n - <Z m+ > s 



f(l-q a )a 8 , n = (q n -q')a., . 



1 



1 — s 



We deduce that 



i n s—n i n s—n i r/ s—m 

(q n ~ Q m ) : ~ s a sfi = (q n+s - q m ) - Q - a s , + (q n - q m+s ) Q - a s>0 . (5.5) 
1 — q s 1 — q s 1 — q s 



Taking n = 2s, to = s, in (|5.5j) we obtain a S) o = 0, so a Sj „ = 0. 
If s = and n ^ m we have a Stn = na S) \. 
By (|53D and D(G n ) = b s ,n,G n + s we have 

({m + 1} - {n})6 s>n+m = ({m + s + 1} - {n})6 Sim 

So 

Taking n = 0, we have, (g m+1 — g ,m+s+1 )& s ,m = then If s ^ we have b s ^ m = 0. 
If s = and n/m+lwe have & s , n +m = b Sjm so 6 Sj „ = b Si o- 

Finally, it follows that the set of even a°-derivations is Der a o (W q ) = Der^ (W q ) =< D\ > with 
D 1 (L n ) = nL n and D\(G n ) = G n . 

Case 2: \D\ = 1 

Let D be an odd derivation of degree s, D(L n ) = a s ^ n G s+n and D{G n ) = b s ^ n L s+n . Bv (j5.3p we 
have 

({to} - {n})a s>n+m = ({to} - {n + s + l})a S)Tl + ({m + s + 1} - {n})a Sjm . 
We deduce that, 

ln n n m \n — t « n + s + 1 „™U I f^W m+S+l\ 

[q ~ q )0'S,n+m — [q — q }d s ,n -r \Q — q )0>s,m- 

If m = 0, we have, 

^(l-g s+1 )a, in = (^-g s+1 )a, i0 . 

If s ^ —1 we have 

I _ gS+l-n 

° s ' n = i _ q s+l as ' ' 

Then 

" fl^r^o = - g m ) x \ s+l a s ,o + (?" - q m+s+1 ) x q _ qS+l a s , . (5.6) 

Taking n = 2s + 2, m = s + 1, in (15.6P we obtain a Sj o = 0, so a S)n = 0. 
If s = — 1 and n ^ to, then a s . n = na St i. 
By (15. 4D and D(G n ) = b s , n L n+s we have 

({to + 1} - {n})b Stn+m = ({to + s + 1} - {n})6 Sjm . 

Taking n = 0, we have (g m+1 - q m+s+l )b Stm = then if s ^ -1, it follows 6 s , m = 0. 
If s = — 1 and n ^ to + 1, we obtain 6 Sjn + m = 6 s>m so 6 Sjn = 6 Sj o- 

Finally, it follows that the set of odd a°-derivations is Der a oi(W q ) = Der~ 1 {W q ) =< D 2 > with 
D 2 (L n ) = nG n _i and D 2 {G n ) = L n _i. 



□ 
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T s+n- 



5.1.2 The a 1 -derivations of the Horn-Lie superalgebra W q 
Proposition 5.5. If D is an a-derivation then D = 0. 
Proof. Case 1: \D\ = 

Let D be an even derivation of degree s, D(L n ) = a s , n L s+n and D(G n ) = b s . n G 
By (|5.3p we have 

({m} - {n})a s , n+m = (1 + q m )({m} - {n + s})a s , n + (1 + g n )({m + s} - {n})a. 
We deduce that, 

__ (1 + q m )(q n+s - q m ) (1 + q n ){q n - q m+s ) 

If m = 0, we have, 

_ (1 + g n )(q n - q s ) 

Ob a Y) i Q/a fl* 

l + q n _ 2 q n+s s ' u 

So 

(1 + q n+m )(q n+m - q s ) 

O j s,n+m ^ ^ qn+m <2qn+m+s as >0' 

Then 



s,m- 



(1 + g n+m )(g n+m - 

2 -|- qn+m 2q n +m+s 



2 -j- qn+m 2^ n + m + s 

(1 + g n )(g n - g m+s )(l + q m ){q m - q s ) (1 + q m )(q m - q n+s ){l + q n ){q n - q s ) 

(q n - q m )(l + q m - 2q m+s ) as '° (q n - q m )(l + q n - 2q n+s ) as, °' 



If q € [0, 1[, and letting n, m — > +oo we obtain a Si o = 0. 

If q > 1 and for a fixed m = s, then when n goes to infinity we obtain o Sj o = 0. 
We deduce that D(L n ) = 0. 

By (|5.4p and D(G n ) = b s ^ n G n+s we have 

({m + 1} - {n})b s , n+m = (1 + q n )({m + s + 1} - {n})b Sym . 

So 

(q n - q m+1 )b s , n+m = (l + q n )(Q n -q m+S+1 )bs, m - 

Taking n = 0, we have, (1 + g m+1 - 2g m+s+1 )6 s , m = 0. 
Then t 6 s>m = so f{G n ) = 0. Hence D = 0. 
Case 2: |D| = 1 

Let D be an odd derivation of degree s, D{L n ) = a s ^ n G s+n and D(G n ) = b S:n L s+n . By (|5.3p we 
have 

({m} - {n})a s , n+m = (1 + g m )({m} - {n + s + l})a s ,„ + (1 + g n )({m + s + 1} - {n})a s , m . 
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Then 

_ (1 + q n ){q n - g m + s +!) (1 + q m )(q m - q ^+^) 

a s ,n+m - _ ^ a S ,m , n _ ^ 



If m = 0, we have, 

(1 + q n ){q n - q s+1 ) 



So 



Then 



1 + q n - 2q 



•re+s+l 



a s ,„+ m = - — ^ n+m _ ^ +m+s+1 0-5,0- 



1 + q n+m - 2q 

^ + ^n^n _ g m+»+l)(l + q m)( q ™ _ gS +l) ^ + q m^ q m _ g n+-+l)(l + g »)(gfi _ 



ffi.n ~ ; w ; — ttt CLi 0- 

a ' u / „n. „m\h i „r). 0„T).4-.s4-1 N a > u 



(q n - q m )(l +q m - 2q m+s+1 ) ' (q n - q m )(l + q n - 2q n+s+1 



If q £ [0, 1[, and making n, m — > +oo, we obtain a Sj o = 0. 

If q > 1 and setting m = s, then if n goes to infinity we obtain a Sj o = 0. 

We deduce that D{L n ) = 0. 

By (|5.4p and D(G n ) = b s ^ n L n+s , we obtain 

({m + 1} - {n})6 Sjn+m L m+n+s = (1 + q n )({m + s} - {n})b s>m L m+s+n . 

So 

(q n - q m+1 )b s>n+m = (1 + q n ){q n - q m+s )b s>m . 
Taking n = leads to (1 + q m+1 - 2q m+s )b s , m = 0. 

It turns out that b S)m = so D{G n ) = 0. Hence D = 0. □ 
5.1.3 The q-derivations of the Horn-Lie superalgebra W q 

In this section, we study the q-derivations of W" 3 . The derivation algebra of W q is denoted by 
DerW q . Since W q is Z2-graded Horn-Lie superalgebra, we have 

DerW q = {DerW q ) © {DerW q )i, 

where (DerW q ) = {D e DerW 9 : Z)((W 9 )j) C (W q )i,i G Z 2 }, denote the set of even derivations 
of W, and {DerW q )i = {D € DerW 9 : £>((W 9 )i) C (W q ) l+1 ,i £ Z 2 }, denote the set of odd 
derivations of W q . 

The space W 9 maybe viewed also as a Z-graded space. Define 

(DerW q ) s = {D £ DerW q : D{W q n ) C W q n+S }. 

Then we have DerW q = (B s <=z(DerW q ) s . Obviously, the Z-graded and Z 2 -graded structures are 
compatible. 

Moreover let Der q W$ = e s& (DerW q )' s , Der q Wf = ® seZ (DerW q y^ where (DerW q )' s ®{DerW q )^ = 
(DerW q ) s . 
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Definition 5.6. An element tp G (DerW q ) n (DerW q ) s (resp. ip G (DerW q )i H (-DerW 9 ).,) is a 
(/-derivation if 



(resp.^y]) = ^—L^^x), a(y)] + (-1)W [a(s) )¥ >(y)]) ). (5.8) 
where x, y G W 9 are homogeneous elements. 

For a fixed a G (W 9 )j, we obtain the following (/-derivation 

ip a : W q — > W q 
x i — > [a,x]. 

The map is denoted by ad a and is called the inner (/-derivation. 

Proposition 5.7. If (p is an odd q-derivation of degree s then it is an inner q-derivation, more 
precisely: 

(DerW 1 )! = ® s &{ad Gs ). 

Proof. 

Let p be an odd (/-derivation of degree s,ip(L n ) = a s ^ n G n+s and p(G n ) = b s ^ n L n+s . (5.9) 

Case 1: s ^ — 1 

By (J53|) and (JSZHD, we have 

{n}ip(L n ) = tp([L ,L n ]) 

= 1 ~ a+1 ([<P(L ), a(L n )] + [a(L ), p(L n )] 

= 1 (Ko^j (1 + q n )L n ] + [2L , a s>n G s+n )] 

1 + q n 1 
= T~ — STU™/ - I s + l})a s .oG n+s + 2a Sjn — — -rr{n + s + 1}G„ 

We deduce that, when s ^ —1, a s<n = q q ^+^ 1 a s ,0- On the other hand, 

-ad Gs (L n ) = — — — -[G s ,L n J 



-«s + l}-{n})G„ +s 



{* + !} 

q n ~ q s+1 r 

O'S.n.Gn+s- 



So y>(L n ) = -^yad Gs (L n ). 
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By (pT2j) and l&M, we have 



{n+l}<p(G n ) = <p([L ,G n ]) 

-([^(Lo),a(G n )} + [a(Lo),ip(G n )} 



l + q- 
1 



a s , G s , (1 + q n+l )G n ) + [2L , 6 s ,„L s+n )] 



1 + q s + 1 

1 



2 bs,n— — rrr{™ + sj^n+s- 



We deduce that {n + l}b s , n = 2fe s ,n { n + s } so = 0. Moreover, 

" s " ad Ga {Gn) = --^-[G s ,G n ] 



{s + l} ^ »' {, + 1} 

= 

— bs,nG n -\ 

= y{G n ) 



which implies in this case ip = —^p^adc s - 

Case 2 s = -1 
By flH]) and we have 

({m} - {n})c£(L m+n ) = y?([L n ,L m ]) 

= - ([(p(L n ), a(L m )] + [a(L n ), <p(L m )] 

= -{[a-i, n G n -u (1 + 9 m )£m] + [(1 + q n )L n , a_i, m G m _i] 

1 + g m 1 + g n 
= ^ — a -i,n({n} - {m})G m+n _i H - — a_i jm ({m} - {n})G m+n _i. 

Then 

1 + q m 1 + q n 
({m} - {n})a-i <n +m = - — a_i, n ({n} - {m}) H - — o_i, m ({m} - {n}). 

So for m 7^ n we have 

0-l,n+m — 7: 0-l,n H ^ a -l,m- ^D.IUJ 



Letting m = in (|5.10p . we obtain a_i 5 o = 0. 
Letting m = 1 , n = 4 in ()5.10j) . then 



1 + 5 , 1 + g 4 
0-1,5 = — a-i,4 H - — a - 1 > 1 ' C 5 - 11 ) 



Letting m = 1 , n = 3 in (|5.1U|) . we obtain 



l + q l + q 3 . , 

a-i,4 = — a_i >3 + — a_i,i. (5.12) 
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Letting m = 1 , n = 2 in (|5.10p . we obtain 



l + q 1 + q 2 , , 

0-1,3 = — 2—0-1,2 H 2^ — a-i,i- (5.13) 



We deduce that 



f l + g 4 1 + g l + g 3 ,1 + g^ l + g 2 ^ ,A + 9,3 
0-1,5 = 2— + — 2 2— + (— ) -2-Jo-i,i + (— ( 5 - 14 ) 

Now, Letting m = 2 , n = 3 in (|5.10p . we obtain 

0-1,5 = — y — a - 1 . 3 " 1 2 — o_i j2 . (5.15) 

By (pU3]) and ff57T5^ . we deduce that 

0-1,5 = (—3— ) 0-1,1 +(^— — + Jo-i,2- (5-16) 

Then, we deduce (by (f57T^|) and ([535)1 ) that a_i 2 = (1 + 9)0-1,1 = {2}a_i j i. 
Letting m = 1 in (|5.10|) . we obtain a_i n+ i = -^-a_i !n + "t g o_i i, and by induction, we can 
show that a_i jn = {n}a_i 5 i. 

So, V3(L„) = {n}o_i ) iG n _i = a-i^lG-ijLn], therefore 

ip(L n ) = a- 1>1 adG_ 1 (L n ). (5.17) 
Now, we calculate <p(G n ) : by (|5.2j> and (|5.9j) we have 

({m + 1} - {n})(p(G n+m ) = ~([Lp(L n ),a(G m )] + [a(L n ),ip(G m )f) 

= i ([o-LnGn-i, (1 + g m+1 )G m ] + [(1 + o")L„, 6_i, m L m _i)]) 
1 + q n 

= b-i,m — o — ({m - 1} - {n})L m+n _i. 



We deduce that 



1 + g™ 

({m + 1} - {n})6_i_ m+n = 6_i m — - — ({m - 1} - {n}). 



So for ra + l/ nwe have 



l + <f q n -q m -\ 
-l,n+m - ^ g n _ ^m+l - 1 '" 1- ^ ^ 



Letting m = in (|5.18[) (so 1), we obtain 



l + q n q"- q -\ 

b-i,n = — ^—^-fe-1,0. (5.19) 
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So 



and 



X -|- qn+m qU+m _ q—i 
-i,n+m = g qn+m-q b - lfi ( 5-2 °) 



l + g "> g m_ -1 

= gm _ q fe-i,o- (5.21) 



By (UlTHD and (^201) . we have 

1 + g n+m g n+m - q- 1 _ l + q n q n - q™' 1 

2 q n+m - q ~~ 2 g n - ~ 1,m ' 

If we replace b_i m with its value given in (|5.21|) . we obtain 

1 + g n+m q n+m -q^ b _ l + q n q n ~ q m ~ l I + q m q m - q~ X 

2 g n+m _ g - 1 ' ~ 2 - q m+1 2 q m -q 



(5.22) 



Letting n = 2, m = — 3 in (|5.22|) . we obtain b_i o = 0. By (|5.19p we deduce that &_i r , 
0, forall 

Letting m = 1 in f|5. 18j> . we obtain 



1 + q n q n -l 
~2 ~q r 



x -r y y j- 

0-l,n+l = o ^—30-1,1. 



We deduce that 



1 + q 3 q 3 — 1 

0-1,4 = — » 5 ( 5 - 23 ) 

2 qi — 



So 6_i,i = 0. 

Since 6-i, n = forall and fe-1,1 = 0, then <p(G n ) = 0, forall n eZ. 

Since 

¥>(G n ) = = a_i,i[G_i,G n ], 

then 

p(G n ) = a_i,iad G _ 1 (G„)- ( 5 - 24 ) 
By (pT23|) and doTTTjl . we deduce that 

if = a_i,i adc.!- 

□ 

Proposition 5.8. If (p is an even q-derivation of degree s then it is an inner derivation, more 
precisely: 

(BerW q ) = (B s& (ad Ls ). 
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Proof. 

Let (p be an even (/-derivation of degree s, y>(L n ) = a s ^ n L n+s , and (p(G n ) = b S;n G n+s . (5.25) 

Case 1: s ^ 
By fljU]) and (pT25D . we have 

{n}(^(L n ) = ip([L ,L n }) 

[ip(L ), a(L n )] + [a(L Q ),ip(L n )] 



l + q s 

= ^— — -( [a s ,oL s , (1 + g n )L„] + [2L ,a S)n L s+n )] 

l + q n 1 
= ~. : — -({«} - {s})a sfi L n+s + 2a Sjn — — -{n + s}L n+s . 
1 + q s I + q 

We deduce that, when s ^ 0, a Si „ = 9 ~ ^ a s ,o- Moreover, 

= ~{s} 



— ({n} - {s})L n+s 
q s _ q n 



1 - q s 



So 



<p(L n ) = -^ a d Ls (L n ). (5.26) 



Applying the same relations (|5.1|) and (|5.25|) . we obtain 
{n + lMG n ) = <p([L ,G n }) 

= r ^([^o),a(G n )] + [a(L ),^(G n )] 

/r a s , L s , (1 + q n+1 )G n ] + [2L , 6 s ,„G fl+ n)] 



1 + q n+1 1 
1 + a «,o({ n + !} ~ {s})L n+s + 26 Sjn ^— + s + l}L n+s . 



We deduce that b S:Tl = a S: o 9 . On the other hand, 



■-^ad Ls (G n ) = --^-[L s ,G n ] 



-^({n + l}-{s})G n+s 
q s — 1 

bs,nG n -\-s ■ 
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So 



f(G n ) = -^ad Ls (G n ). (5.27) 



Using (l5T2oT) and (I5T27D . we deduce that (p = -j^-ad La . 

Case 2 s = 
By (HHD and (l5T25|) . we have 

({m} - {n})c/?(L m+n ) = (^([L„,L m ]) 

= 2 a ( L "i)] + [a(^n), </>(£m)] 

1 
2 



= - ([ao,nL n , (1 + ? m )i m ] + [(1 + q n )L n , a 0:m L m )} 



l + q m 1 + q n 

= a , n — - — ({m} - {n})L m+n + a , m — ^ — ~ W)£m+n- 

This implies that a , m +n({"i} - {«}) = a , n ^p({m} - {n}) + a , m i^-({m} - {ra}). 
So for m ^ n, we have 

ao,n+m — — 2" — a °' n 2 — a °' m ' (5.28) 

Letting m = in (I5.28j) . we obtain ao,o = 0. 
Letting m = 1 in (I5.28j) . we obtain ao, n +i = ^^Qo.n + 1 " t 2 9 ao,i- By induction, we prove that 
ao,n = {n}a ,i. So <p(L n ) = {n}ao,iL n , that is 

f( L n) = {n}a 0) iL n = ao,x[L ,L n ]. 

Which leads to 

ip{L n ) = a Qi iad Lo (L n ). (5.29) 

By $5?2$) and (^251) . we have 

({m + 1} - {n})(p(G m+n ) = cp([L n ,G m ]) 

1 



9 ^[(/j(L n ), a(G m )] + [a(L„), y>(G m )] 
= i([a ,A, (1 + g m+1 )G m ] + [(1 + <f)L n , &o, m GW)] 



1 + g m+l 1 + q n 

ao, n {{m + 1} - {n}) - G m +n + &o,m — 2 — ^ m + { n }) G 



We deduce that &o,m+n = ao,n({"i + 1} - {n}) 1+g 2 + + &o,m^-({"i + 1} - {n}). 
So, for m + 1 ^ n, it holds that 



1 + gm+l 1 + q n 

— + b ,m^^. (5.30) 



Taking m = 0, in (|5.30p . we obtain &o,n = ao,n^p- + ^0,0 1 " l 2 ' ? ■ Since ao, n = ao,i{n}, then 



1 + q l+q n 
bo,n = a 0jl {n}— h&o,o — ^ — • (5.31) 
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Taking m = 1, n = — 1 in (|5.30p and n = 1 in (|5.3ip . we obtain 6o,o = «o,i- So using (|5.3ip . we get 

t r ,1 + 9 1 + ^ 

»0,n =00,1 1™}— ^ ^00,0 



2 ' 2 

1 - q n 1 + o 1 + q n 

— Ctn 1 h On 1 

' 1 - q 2 ' 2 

= a ,i{n + l}. 

Then 

ip{G n ) = b , n G n = a ,i{n + \}G n = a 0) i[L , G n ]. 

Therefore 

<p(G n ) = a ,i ad Lo (G n ). (5.32) 
By (|5.29p and (|5.32p . we deduce that ip = ao,l adz, . 

□ 

5.2 Cohomology space H* (W g ) of W 9 

In the following we describe the cohomology space Hq(W 9 ,C). We denote by [/] the cohomology 
class of an element /. 

Theorem 5.9. 

^ (w«) = cn©cn, 

where 

(xL n + yG m , zL p + tG k ) = xzb n 5 n+Pt0 , 
ip2(xL n + yG m , zL p + tGk) = xtb n 8 n+ k-\ - yzbp5 p+m ,-i, 



with 



1 1 + q 2 (1 -q n+l ){l -q n )(l - q^ 1 ) 
n ~ q n ~ 2 1 + q n (1 - g 3 )(l - q 2 )(l - q) ' 

Proof. For all / G Cl Jdc (W q , C), we have (see lEO) ) 

S(f)(x , xi, x 2 ) = -/([x , xi], a(x 2 )) + (-l) |sBa||iei| /([xo, x 2 ], a(xi)) + /(a(x ), [x 1; x 2 ]). (5.33) 
Now, suppose that / is a (/-deformed 2-cocycle on W q . From (|5.33p . we obtain 

-/([x ,x 1 ],a(x 2 )) + (-l)I^H a: il/([xo,x 2 ],a(x 1 )) + /(a(xo),[x 1 ,x 2 ]) = 0. (5.34) 

By (|5.34p and taking the triple (x,y,z) to be (L n ,L m ,L p ), (L n ,L m ,G p ), and (L n ,G m ,G p ), re- 
spectively, we obtain f(L n ,L p ), f(L n ,G p ) and f(G n ,G p ) which define /. 
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Case 1: X = {L n , L m , L p ) 
Using (|5.34p . we have 

-f([L n ,L m },a(L p )) + f([L n ,L p },a(L m )) + f(a(L n ),[L m ,L p ]) = 0. 

Since [L m ,L p ] = ({p} - {m})L m+p , and a(L n ) = (1 + q n )L n then 

- (1 + qP)({m} - {n})f(L n+m , L p ) + (1 + q m )({p} - {n})f(L n+p , L m ) 

+ (1 + q n )({p} - {m})f(L n , L m+p ) = 0. (5.35) 
q n - q P 

Setting m = 0, in (|5.35p . we obtain f(L n ,L p ) = - - p f(L ,L n+p ) (n + p ^ 0). 

Setting m = 0, n = — p, in (|5.35p . then we obtain /(Lq,Lq) = 0. 
Setting m = — n — p in ()5.35|) . we obtain 

- (1 + q p )(q n - q- n - p )f(L- P ,L p ) + (1 + g~^)(g" - qP)f{L n+pi L, n _ p ) 

+(1 + - <f )/(L n , L_ n ) = 0. (5.36) 



(1 + q)(q 2n+1 ~ Ll) + 9(1 + g*^ 1 )^" 1 - l)/(L n+1 , L_ n _ 



n \i-\ ^ n +^\ 



Setting p = 1 (|5.36p , we obtain 

+ (1 + g n )(l - q n+ ' z )f(L n , L. n ) = 0. (5.37) 
Hence, 

1 1 + g« 1 - g™+ 2 1 1 + g 1 - g 2 ^ 1 

/(L n+ i,L_ n _i) = - +1 - — /(L n ,L_ n ) - - — T f(Li,L-i), for n^l, 

q 1 + g n+i 1 — g n 1 </ 1 + g n+i 1 — q n 1 

(5.38) 

1 + q n+l l _ q n-l 1 + g 1 _ g-in+l 

f(L n ,L_ n ) = Q 1 + gn 1 _ qn+2 f(L n+1 ,L- n - 1 ) + 1 + gn 1 _ qn + 2 f{L 1 ,L- 1 ), for n ± -2. 

(5.39) 

Letting 

1 1 + q n - x 1 - q n+1 t a 1 1 + q 1 - g^" 1 

a„ = ^ ana p n = =- 

q l + q n 1 - g n " 2 g 1 + q n 1 - q n ~ 2 

From the formula (|5.38p we get 

f(L n , L_ n ) = anf(Lx,L-x) + b n f(L 2 , L_ 2 ), for n > 2, where 

a n = /3 n + OLnPn-i + a n a n -\ /3„_2 H h a„a„-i • • • a^, 

and 

_ 1 1 + g 2 (l-g n+1 )(l-g n )(l-g n ' 1 ) 

" ~ g«"2 1 + n (! _ g 3)(! _ g 2)(j _ ? ) 

Letting 

1 + g n+1 1 - g™- 1 . 1 + g 1 - g 2n+1 

*n = 9 1 + qn x _ qn+2 and /?„ = g— 

From the formula (|5,39p we get f(L n ,L- n ) = a' n f(L-i, L±) + b' n f(L-2, L2), for n < —2, where 

a n = P'n + anP' n+l + «+l + ' ' ' + a n a 'n+l " " " ^-4^-3, 
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1 l + g -2(l- g "-l)(l- g ")(l- g "+l) 
" g n+2 1 + g n (1 _ g -3)(l - g "2)(l _ g -l) 

Case 2: X = (L n ,L m ,G p ). 
By (pTMD . we have 

-f([L n ,L m },a(G p )) + f([L n ,G p } ia (L m )) + f(a(L n ),[L m ,G p }) = 0. 

Since [L n , G p ) = ({p + 1} - {n})G n+p and a(G n ) = (1 + g n+1 )G n , then 

- (1 + <f +1 )({m} - {n})f(L n+m , G p ) + (1 + g m )({p + 1} - {n})f(G n+p , L m ) + 

(1 + q n ){{p + 1} - {m})/(L n , G m+P ) = 0. (5.40) 

Taking m = in (|5.4U|) . we obtain 

(1 _ g n+p+l )/(Xn) Gp) = (g n _ g P+l )/(L()) Gn+p) . (5.41) 

Then + | 

f(L n , G p ) = fj f +p+1 f{L , G n+P ) for n + p + 1 ^ 0. 

Taking n = 1, p = -2 in (IfTITjl . we obtain f(L , G_i) = 0. 

Taking m = —n, p = — 1 in (15.40p . we obtain (with /(Lq, G_i) = 0) 



f(L n ,G— n —i) — —f(L_ n ,G 



n—l , 



Then /(L ls G?_ 2 ) = -/(£_!, G ), /(L 2 ,GL 3 ) = -f(L_ 2 ,G 1 ). 
Taking m = — 1, p = — n in (15.40p . we obtain 

-(1 + q n - l ){q n+l - l)/(L n _ l5 G_ n ) + (1 + q)( q 2n ~ l - 1)/(G , L_ a ) + 

( ?(l + ^)(g"- 2 -l)/(L n ,G_ n _ 1 )=0. 



Hence 



11+ g "-l 1 _ g"+l 1 1 + q I- g 2n-l 

/(L n ,G_ n _i) = 7 1 + ? „ 1 _ ?n _ 2 /(-£'n-l,G_ n ) - - 1 + ^ n i_ g n-2 /( L l' G -2 

for n 7^ 2 , (5.42) 



1 + q n 1 _ q n-2 1+g i _ g 2n-l 

f{Ln-l,G-n) = q i+ 1 _ x f(L n , G_„_i) + 1+ i_„n+l f( L -l> G 0) 

forn^-1. (5.43) 

Comparing (|5.38p and (j5.42|) . we deduce that 

/(L n , G_ n _i) = a n /(L l5 G_ 2 ) + b n /(L 2 , G_ 3 ) for n > 2. 
Comparing (|5.39p and (j5.43|) . we deduce that 

/(L n , G_ n _i) = a'„/(L_!, Go) + ^/(L_ 2 , G x ) for n < -2, 
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where a n , b n , a' n and b' n are denned as in the previous case. 
Case 3: X = (L n , G m , G p ). 
By ([Oil) , we have 



-f([L n ,G m ], a(G p ))- f([L n ,G p ], a(G m )) + f(a(L n ), [G m ,G p ]) = 0. 

So 

- (1 + cf +1 )({m + 1} - {n})f(G m+n , G p ) - (1 + q m+1 )({p + 1} (5.44) 

-{n})f(G p+n ,G m ) = 0. (5.45) 

Taking m = 0, in (15.45[) . we obtain 

(l + q P+i)({l}-{n})f(G n ,G p ) + (l + q)({p + l}-{n})f(G p+n ,G ) = 0. (5.46) 
Taking n = 1 and replacing p + 1 by k in (j5.46p , we obtain 

/(G fc ,G ) = 0for fc^l. 

Hence, 

/(G n ,G p ) = 0forn/l, p + n^l. 
Taking p = 1 — n in (15.46p . we obtain 

f(G n , Gx-n) = - l + 2 g _ w (l + ^ n )/(Gi, Go) (n / 1). (5.47) 

Replacing n by 1 — n and p by n in (|5.46p . one can obtain 

/(Gi_ n , G n ) = - ^ + n g (1 + g n )/(G 1; Go) (n / 0). (5.48) 
1 + q n+1 

Then using super skew-symmetry of /, one can obtain /(Gi, Go) = 0. 
We deduce that f(G n , G m ) = 0, Vn, m € Z. 
We denote by a. the linear map defined on W 9 by 

1 o 

= —j—r f(L ,L n ) if n 7^ 0, g(L ) = —/(L^L-i), 

{n\ q + l 

9{G n ) = T ^r X f(L ,G n )iin^-l, g{G- X ) = ±-f{L x ,G- 2 ). 

\n + lj q + 1 

It is easy to verify that 6(g)(L n ,L p ) = - - ^ n+p f(L ,L n+p ) (p 7^ -n), 

%)(A,,L_ ft ) = 0, 5(g)(L n ,G p ) = f^~ + f +l f{L ,G n+p ) (p + n^-l) 

and 5(g)(G n ,G p ) = 0. 

Let h = f — 5 1 g. Then we have 

h{L x ,L„ x ) = h(L u G- 2 ) = 0, 

h(L n ,L p ) = 0forn + p/0, 

h(L n ,G p ) = for n + p 7^ — 1, 

h(G n ,G p ) = for all n, p e Z. 
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Since h is a 2-cocycle we deduce that: 




a n /t(L l5 L_i) + b n h(L 2 , L_ 2 ) = b n h(L 2 , L_ 2 ) 
a n /i(Li, G_ 2 ) + 6 n /(L 2 , G_ 3 ) = &n^2, G_ 3 ) 



0. 



Using the equalities above, we deduce that 
h(xL n + yG m , zL p + iG fe ) 

= xz5 n+pfi b n h(L 2 , L_ 2 ) + xt5 n+k ^ib n h(L 2 , G_ 3 ) - yz5 p+m -ib p h(L 2 , G_ 3 ) 
= /i(L 2 , L- 2 )ip x (xL n + yG m , zL p + iG fc ) + /i(L 2 , G-a,)cp 2 (xL n + yG m , zL p + iG fe ), 



Corollary 5.10. Lei (V, /?) 6e a W q -module and f € G 2 (W 9 , V). Define a bracket and a morphism 
onW q = W q @V by 



The triple (W 9 , [., -]y^,d) is a Horn-Lie superalgebra if and only if f is in C[<pi] © C[<^ 2 ] 
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that ends the proof. 



□ 



l(x,a),(y,b)]y^ 
a(x, a) 



([x,y],f(x,y)) 

(a(x),a) Vx, y £ W q , a, beV. 
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